A closed subgroup of a semisimple algebraic group is called irreducible if it lies in no proper parabolic subgroup. In this paper we classify all irreducible A 1 subgroups of exceptional algebraic groups G. Consequences are given concerning the representations of such subgroups on various G-modules: for example, the conjugacy classes of irreducible A 1 subgroups are determined by their composition factors on the adjoint module of G.
Introduction
Let G be a reductive connected algebraic group. A subgroup X of G is called G-irreducible (or just irreducible if G is clear from the context) if it is closed and not contained in any proper parabolic subgroup of G. This definition, as given by Serre in [24] , generalises the standard notion of an irreducible subgroup of GL(V ). Indeed, if G = GL(V ), a subgroup X is G-irreducible if and only if X acts irreducibly on V . Similarly, the notion of complete reducibility can be generalised (see [24] ): a subgroup X of G is said to be G-completely reducible (or G-cr for short) if, whenever it is contained in a parabolic subgroup P of G, it is contained in a Levi subgroup of P . Now let G be a simple algebraic group of exceptional type over an algebraically closed field K of characteristic p. In [28] , the author classified the simple, connected G-irreducible subgroups of rank at least 2. In this paper we classify the G-irreducible A 1 subgroups, completing the classification of simple, connected G-irreducible subgroups. We note that the G-irreducible A 1 subgroups can be deduced from [12, Theorem 1] when p > N (A 1 , G) (see the preceding table to Theorem 3.8 for the definition), in particular when p > 7. In low characteristics there are fewer classes of irreducible A 1 subgroups but the existence of non-G-cr subgroups complicates the proof. We also note that if G = E 8 then partial results can be found in [1] ; we require a set of conjugacy class representatives without repeat for the G-irreducible A 1 subgroups for the E 8 case and therefore classify the irreducible A 1 subgroups independently. The following theorem summarises the individual cases for each exceptional algebraic group G; it classifies the G-irreducible A 1 subgroups of G.
Theorem 1. Suppose X is a G-irreducible A 1 subgroup of G. Then X is conjugate to exactly one subgroup of Tables 4-8 and each subgroup in the tables is G-irreducible.
The tables can be found at the start of Sections 5-9, respectively. Each subgroup in the tables is described by its embedding in some reductive, maximal connected subgroup, given in Theorem 3.1. When we say a reductive, maximal closed connected subgroup we mean a subgroup that is maximal among all closed connected subgroups and is reductive. We note that the case p = 0 can be recovered by simply removing any subgroup in the tables for which a non-zero field twist is necessary and assuming p = ∞ when reading inequalities; this yields only finitely many classes of irreducible A 1 subgroups when p = 0.
A natural question to ask is whether G-irreducible subgroups of a certain type exist, especially in small characteristics. As an immediate consequence of Theorems 2-6, we reprove the following corollary, first proved by Liebeck and Testerman in [21] with a correction by Amende in [1] , showing that G-irreducible A 1 subgroups almost always exist. Corollary 1. Let G be an exceptional algebraic group. Then G contains an irreducible A 1 subgroup, unless G = E 6 and p = 2.
Given the existence of irreducible A 1 subgroups, we can use the proofs of Theorems 2-6 to study their overgroups. The next result shows the existence of a reductive, maximal connected subgroup that contains representatives of each conjugacy class of G-irreducible A 1 subgroups in small characteristics, with one exception. The choice of M is not unique; for example, if G = F 4 and p = 2 then C 4 also contains representatives of every G-conjugacy class of G-irreducible A 1 subgroups. We also note that in larger characteristics more reductive, maximal subgroups are required. In particular, when p ≥ 19 we need seven such subgroups for G = E 7 .
The next corollary shows that the G-conjugacy class of a G-irreducible A 1 subgroup is determined by its composition factors on the adjoint module for G. This is similar to [15, Theorems 4, 6] and extends part of Theorem 3.8 to low characteristics for irreducible A 1 subgroups.
We must first explain a definition we will use throughout the paper. Let G be a a simple algebraic group, V a G-module and X and Y be subgroups of G. Then we say X and Y have the same composition factors on V if there exists a morphism from X to Y , which is an isomorphism of abstract groups sending the set of composition factors of X to the set of composition factors of Y . We can also deduce that the G-conjugacy class of a simple connected subgroup of G is determined by its composition factors on a smallest dimensional non-trivial module for G, which we will abbreviate to "minimal module" throughout. The next corollary lists some of the interesting A 1 subgroups that are M -irreducible but not G-irreducible for some reductive, maximal connected subgroup M . Here "interesting" means that the M -irreducible subgroup is not obviously G-reducible, i.e. M ′ -reducible for some other reductive, maximal connected subgroup M ′ or contained in a proper Levi subgroup.
To describe one of the subgroups we must first define a piece of notation from [28] . Suppose G = E 8 and p = 2. There are two D 8 -conjugacy classes of B 4 subgroups in D 8 acting irreducibly on the natural module for D 8 .Since p = 2, one is E 8 -irreducible (by [28, Lemma 7.5] ) and denoted by B 4 ( †) and the other is E 8 -reducible (by [28, Lemma 7.4] ) and denoted by B 4 ( ‡). Furthermore, there are two D 8 -conjugacy classes of A 1 subgroups acting irreducibly on the natural module for D 8 and one of these is contained in B 4 ( †) and the other in B 4 ( ‡); thus we can differentiate them by giving the B 4 overgroup they are contained in.
Corollary 5. Let G be an exceptional algebraic group and X be an A 1 subgroup of G. Suppose that whenever X is contained in a reductive, maximal connected subgroup M it is M -irreducible and assume that such an overgroup M exists. Assume further that X is not contained in a proper Levi subgroup of G.
Then either:
(1) X is G-irreducible, or (2) X is conjugate to a subgroup in Table 2 below. Such X are non-G-cr and satisfy the hypothesis. The notation in Table 2 is explained in Section 2.
Notation
Let G be a simple algebraic group over an algebraically closed field K. Let Φ be the root system of G and Φ + be the set of positive roots in Φ. Write Π = {α 1 , . . . , α l } for the simple roots of G and λ 1 , . . . , λ l for the fundamental dominant weights of G, both with respect to the ordering of the Dynkin diagram as given in [6, p. 250] . We sometimes use a 1 a 2 . . . a l to denote a dominant weight a 1 λ 1 + a 2 λ 2 + · · · + a l λ l . We denote by V G (λ) (or just λ) the irreducible G-module of dominant high weight λ. Similarly, the Weyl module of high weight λ is denoted W (λ) = W G (λ) and the tilting module of highest weight λ is denoted by T (λ). Another module we refer to frequently is the adjoint module for G, which we denote L(G). We let V 7 := W G 2 (10), V 26 := W F 4 (0001), V 27 := V E 6 (λ 1 ) and V 56 := V E 7 (λ 7 ). For a G-module V , we let V * 2 ). We make a slight modification if X 1 (or similarly X 2 but not both) is a diagonal subgroup of some subgroup Y of M 1 , which is of exceptional type, so
. In this case, X is a diagonal subgroup of Y X 2 and we define V M ↓ X = (M 1 (#a {s 1 ,...,s k } ), X
).
Again, let us give a concrete example to make this clearer. Suppose G = E 7 and M = A 1 F 4 . Then F 4 has a maximal A 1 subgroup when p ≥ 13, which is of course F 4 -irreducible and denoted by F 4 (#10). Letting the A 1 factor of M be X 1 and the maximal subgroup of F 4 be X 2 we have an M -irreducible A 1 subgroup X ֒→ X 1 X 2 via (1 [r] , 1 [s] ) (rs = 0). Then V M ↓ X = (1 [r] , F 4 (#10) [s] ). The notation changes slightly when we consider another F 4 -irreducible subgroup. Let X 1 be as before but this time let X 2 be the subgroup F 4 (#8), i.e. A 1 ֒→ A 1 A 1 < A 1 C 3 via (1 [u] , 1 [v] ) (p ≥ 7; uv = 0) where the second A 1 factor is maximal in C 3 . Then X ֒→ X 1 X 2 via (1 [r] , 1 [w] ) (rw = 0) is M -irreducible and represents X ֒→ X 1 A 1 A 1 via (1 [r] , 1 [s] , 1 [t] ) (rst = 0) where s = u + w and t = v + w. We then write V M ↓ X = (1 [r] , F 4 (#8 {s,t} )) (rst = 0).
Let J = {α j 1 , α j 2 , . . . , α jr } ⊆ Π and define Φ J = Φ ∩ ZJ. Then the standard parabolic subgroup corresponding to J is the subgroup P = T, U α : α ∈ Φ J ∪ Φ + . The Levi decomposition of P is P = QL where Q = R u (P ) = U α | α ∈ Φ + \ Φ J , and L = T, U α | α ∈ Φ J . For i ≥ 1 we define 
Preliminaries
Let G be a simple algebraic group over an algebraically closed field of characteristic p. The first result needed for the proofs of Theorems 2-6 is the classification of reductive, maximal connected subgroups of G. 
(10, 01, 00)/ (00, 10, 01)/ (01, 00, 10) (W (11), 00, 00)/ (00, W (11), 00)/ (00, 00, W (11))/ (10, 10, 10)/ (01, 01, 01) For the following lemmas let G be a semisimple connected algebraic group. We describe some elementary results about G-irreducible subgroups. We now need some results that allow us to deduce whether or not an A 1 subgroup X of G is G-irreducible. The first result allows us to do that when G is a classical simple group.
Lemma 3.4 ([21, Lemma 2.2])
. Suppose G is a classical simple algebraic group, with natural module V = V G (λ 1 ). Let X be a semisimple connected closed subgroup of G. If X is G-irreducible then one of the following holds:
(ii) G = B n , C n or D n and V ↓ X = V 1 ⊥ . . . ⊥ V k with the V i all non-degenerate, irreducible and inequivalent as X-modules.
The next lemma and corollary are used heavily in the proofs of Theorems 2-6 to show a subgroup is G-irreducible for a simple exceptional algebraic group G.
Lemma 3.5 ([28, Lemma 3.8]). Suppose X < G is semisimple and V is a G-module. Assume the composition factors of V ↓ X are not the same as those of V ↓ H for any group H such that (i) H is of the same type as X, or p = 2 and X ∼ = B n , H ∼ = C n , and
Then X is G-irreducible. (i) every X-composition factor of V is an irreducible S-module;
(ii) for any X-composition factors M , N of V , the restriction map Ext
Then X and S fix precisely the same subspaces of V .
When finding conjugacy classes of A 1 subgroups in the exceptional algebraic groups the following result is useful. We define a number N (A 1 , G) for each exceptional algebraic group G as in the table below.
Theorem 3.8 ([12, Theorem 4]). Let G be an exceptional algebraic group in characteristic p > N (A 1 , G) and X 1 and X 2 be A 1 subgroups of G that have the same composition factors on L(G). Then X 1 and X 2 are G-conjugate.
In the proofs of Theorems 5 and 6, we use Lemma 3.5 to prove A 1 subgroups are G-irreducible when p = 2 for G = E 7 and E 8 . To do this, we need to know the L ′ -irreducible A 1 subgroups of Levi subgroups L of G when p = 2, which we list in the following lemma. 
where each L i is a simple factor. Given the L i -irreducible A 1 subgroups we can find all L ′ -irreducible A 1 subgroups, as they must be diagonal subgroups by Lemma 3.3. We therefore give a brief description of the L i -irreducible A 1 subgroups to conclude the proof.
Suppose L i is of classical type. We use Lemma 3.4 to find all
on V Dn (λ 1 ). Finally, if n = 4 then there are two further classes of L i -irreducible A 1 subgroups, acting as 1
Now suppose L i is of exceptional type and hence isomorphic to E 6 or E 7 . We use Theorem 4 and 5, respectively, to find the L i -irreducible A 1 subgroups. We note that we can do this since we prove Theorems 4-6 successively and so are only using Theorem 4 and 5 after they have been proved. In particular, there are no E 6 -irreducible A 1 subgroups when p = 2. All E 7 -irreducible A 1 subgroups are contained in A 1 D 6 when p = 2 and can be found in Table 8 .
Strategy for the proof of Theorem 1
To prove Theorem 1 we prove Theorems 2-6 in Sections 5-9, respectively and successively. In this section we describe the strategy used in proving Theorems 2-6. Let G be an exceptional algebraic group over an algebraically closed field of characteristic p. Suppose X is a G-irreducible A 1 subgroup of G. Then X is contained in a maximal connected subgroup M of G. Since X is G-irreducible, M is reductive. Furthermore, X is M -irreducible as any parabolic subgroup of M is contained in a parabolic subgroup of G by the Borel-Tits Theorem [4] . Therefore, X is contained M -irreducibly in some reductive, maximal connected subgroup M of G and the following strategy will find all such X. To apply these results we must find the composition factors of the action of X on the minimal or adjoint module. These can be found by restricting the composition factors of M to X. This can be done for all M -irreducible A 1 subgroups and the composition factors for the G-irreducible ones can be found in Section 11, Tables 9-13 . To apply Lemma 3.5 we also need the composition factors for the action of the Levi subgroups of G on the minimal and adjoint modules. These can be found in Appendix A, Tables 18-22 . In most cases, an M -irreducible A 1 subgroup is G-irreducible. Corollary 5 lists the interesting examples of subgroups which are irreducible in every reductive, maximal connected overgroup yet are G-reducible. To prove an M -irreducible A 1 subgroup X is G-reducible can be difficult and can require precise knowledge of the action of X on the minimal or adjoint module for G as well as computation in Magma [5] . Table 4 and each subgroup in Table 4 is irreducible.
We note that for each irreducible A 1 subgroup X in Table 4 the composition factors for X acting on V 7 and L(G 2 ) are found in Table 9 .
Proof. The conjugacy classes of reductive, maximal connected subgroups M of G 2 are listed in Theorem 3. Table 9 , the restriction of V G 2 (10) to X has a 4-dimensional composition factor, namely 1 [r] ⊗ 1 [s] (since r = s). Neither a Levi A 1 nor a LeviÃ 1 has a 4-dimensional composition factor on V G 2 (10) (the composition factors are listed in Table 18 ) and hence X does not have the same composition factors as either Levi on V G 2 (10) . Therefore, X is G 2 -irreducible by Lemma 3.5.
Now consider X via (1, 1). When p > 3, we see from Table 9 that X has no trivial composition factors on L(G 2 ) and hence X is G 2 -irreducible by Corollary 3.6. When p = 3, we see that X has two 3-dimensional composition factors on V G 2 (10). Neither A 1 norÃ 1 has two 3-dimensional composition factors on V G 2 (10) and hence X is G 2 -irreducible by Lemma 3.5. Finally, let p = 2. Then V G 2 (10) ↓ A 1Ã1 = (1, 1) + (0, 2) and so V G 2 (10) ↓ X = 0|2|0 + 2 and X fixes a non-zero vector of V G 2 (10) . The stabiliser of this non-zero vector in G 2 is a parabolic subgroup. Indeed, G 2 is transitive on 1-spaces of V G 2 (10) by [13, Theorem B] and the stabiliser of some 1-space is a parabolic subgroup. Hence X is G 2 -reducible. (10). The same argument as for M =Ā 2 shows that X is contained in A 1Ã1 . In particular, X is G 2 -irreducible and conjugate to G 2 (#1 {0,1} ).
To finish the proof of Theorem 2, we use the composition factors from 
We note that for each irreducible A 1 subgroup X in Table 5 the composition factors for X acting on V 26
and L(F 4 ) are found in Table 10 .
Proof. The conjugacy classes of reductive, maximal connected subgroups M of F 4 are listed in Theorem 3.1. These are
Firstly, let M = B 4 . The M -irreducible A 1 subgroups are easy to find, using Lemma 3.4. They are the subgroups F 4 (#1)-F 4 (#7) listed in . The field twists in the embeddings of F 4 (#1) and F 4 (#3) can hence be chosen such that 0 < r < s < t as in Table 5 . The constraints on the field twists in the remaining subgroups in Table 5 all come from considering the M -conjugacy classes of the M -irreducible A 1 subgroups.
We must now prove that F 4 (#1)-F 4 (#7) are F 4 -irreducible. We first treat the cases when p > 2. Since 0 < r < s < t, X has no trivial composition factors on L(F 4 ) and is F 4 -irreducible by Corollary 3.6. Now let X = F 4 (#6), so the projection of X to B 2 is a maximal A 1 (p ≥ 5) and X is a subgroup ofĀ 2 1 A 1 . The composition factors of L(F 4 ) restricted toĀ 2 1 A 1 are then as follows:
Therefore, Corollary 3.6 shows that X is F 4 -irreducible unless p = 5 and X = F 4 (#6 {0,0,1} ), in which case L(F 4 ) ↓ X = 10 2 / 8 3 / 6/ 4/ 2 4 / 0. To prove X is F 4 -irreducible in this case we use Lemma 3.5. Suppose Y is an L ′ -irreducible A 1 subgroup of a Levi subgroup L having the same composition factors as X on L(F 4 ). Then using Table 19 , we see that L ′ = B 3 , A 2Ã1 andÃ 2 A 1 are the only possibilities since X and hence Y , by definition, has only one trivial composition factor on L(F 4 ). Suppose L ′ = B 3 . Then from Table  19 , 100 occurs as a multiplicity two composition factor of L(F 4 ) ↓ B 3 . But it is impossible to make two isomorphic 7-dimensional modules from the composition factors of L( Table 19 , (00, 1) occurs as a composition factor and hence Y has a 2-dimensional composition factor on L(F 4 ). This is a contradiction and Y does not exist. Therefore, Lemma 3.5 shows that X is F 4 -irreducible.
If X = F 4 (#4), which acts as 2 + 2 [r] + 2 [s] (p = 2; 0 < r < s) on V B 4 (λ 1 ), then X is F 4 -irreducible by Corollary 3.6, with the composition factors of of L(F 4 ) ↓ X given in Table 10 . (0 < r < s < t in both cases), respectively, we use Lemma 3.5.
is a 16-dimensional composition factor of L(F 4 ) ↓ X, as seen from Table 10 . Table 19 shows that there are no Levi subgroups with L(F 4 ) ↓ L ′ having a composition factor of dimension at least 16 when p = 2. Hence X is F 4 -irreducible by Lemma 3.5.
Finally, suppose X = F 4 (#2) and so contained inĀ 2 1Ã 2
It follows that X has at most 5 trivial composition factors on L(F 4 ) with the possible extra one coming from (1, 1, 2, 0), (1, 1, 0, 2), (1, 0, 1, 1) or (0, 1, 1, 1). Using Table 19 
The first three are contained in C 2 2 and the latter is contained inD 4 . Suppose X is contained in C 2 2 . There is only one F 4 -conjugacy class of subgroups Table 2 ]). Therefore X is contained in B 4 and has already been considered. Now suppose X is contained inD 4 acting on V C 4 (λ 1 ) as 1 ⊗ 1 [r] ⊗ 1 [s] (0 < r < s). In this case X is contained in A 1 B 2 which is contained in a B 3 since p = 2. By [7, Table 8] ,
It follows that all threeD 4 -conjugacy classes of B 3 are conjugate in F 4 . Therefore X is contained in a C 4 -reducible B 3 acting as 000|100|000 on V C 4 (λ 1 ). Hence X is F 4 -reducible.
, which is contained in B 4 . Therefore it has been considered already. Now suppose the projection of X to C 3 is the maximal A 1 (p ≥ 7) and so X is a diagonal subgroup ofĀ 1 A 1 . This gives the conjugacy classes F 4 (#8) in Table 5 . From Table 10 , we see that X has no trivial composition factors on L(F 4 ). Hence Corollary 3.6 applies and X is F 4 -irreducible.
The final possibility is that the projection of X to C 3 is contained in a maximal A 1 A 1 (p = 2), which acts as (2, 1) on V C 3 (100). In this case X is a diagonal subgroup ofĀ 1 A 1 A 1 . First, suppose the field twists are the same in the embedding of X in
Therefore, when the projection of X to C 3 is contained in A 1 A 1 , we have the conjugacy classes F 4 (#9) in Table 5 . We now prove that they are all F 4 -irreducible. From the composition factors of L(F 4 ) ↓ A 1 C 3 in Theorem 3.1, we find that
If p > 5, X has no trivial composition factors on L(F 4 ) and so Corollary 3.6 shows that X is F 4 -irreducible. If p = 5 then Corollary 3.6 applies unless X = F 4 (#9 {0,0,1} ), which is embedded via (1, 1, 1 [1] ). In this case L(F 4 ) ↓ X = 14/ 10 2 / 8 3 / 2 2 / 0. To show that X is F 4 -irreducible we use Lemma 3.5. Suppose Y is an L ′ -irreducible A 1 subgroup of a Levi factor L ′ having the same composition factors as X on L(F 4 ). Then using Table 19 , we find that L ′ = B 3 since X, and hence Y , only has one trivial composition factor and a 15-dimensional composition factor on L(F 4 ). Further inspection of the dimensions of the composition factors of X on L(F 4 ) shows that there are three composition factors of dimension 8 as well as the one of dimension 15. The dimensions of the composition factors of L(F 4 ) ↓ B 3 are 21, 8 2 , 7 2 , 1 and hence Y is not contained in B 3 . This contradiction shows that Y does not exist and hence X is F 4 -irreducible by Lemma 3.5.
Using Table 19 , we see that L ′ = C 3 is the only Levi factor that can contain an A 1 with the same composition factors as X because X has a 9-dimensional composition factor ((0, 2, 2) ↓ X). We want to apply Lemma 3.5 to conclude that X is F 4 -irreducible. From Table 19 , V 26 ↓ C 3 = 100 2 /010. If the field twists for the embedding of X inĀ 1 A 1 A 1 are all distinct then X has a 12-dimensional composition factor as well as a 9-dimensional one, and hence there is no A 1 subgroup of C 3 with the same composition factors as X on V 26 . The remaining cases are X embedded via (
The dimensions of the composition factors on V 26 are then 9, 4 4 , 1 (or 9, 4 3 , 3, 1 2 if s = r + 1) or 9 2 , 4, 3, 1 respectively. None of these are compatible with an A 1 subgroup of C 3 and hence X is F 4 -irreducible. This completes the analysis of the M -irreducible
. By Theorem 2, the projection of X to G 2 is either contained in A 1 A 1 or is a maximal A 1 (p ≥ 7). In the first case X is contained inĀ 1 C 3 . Indeed, since the factor G 2 of M is contained in D 4 by [23, 3.9] , it follows that the long root subgroup A 1 of G 2 is a long root subgroup A 1 of D 4 and hence F 4 . Therefore X is contained inĀ 1 Table 10 , X has no trivial composition factors on L(F 4 ) and is hence F 4 -irreducible by Corollary 3.5. Now consider
From Table 3 .5, we have
Hence X is conjugate to Y and has already been considered.
. We claim that Y is contained in A 1 C 3 and hence so is X, which has therefore already been considered. Indeed, by [7, Table 8 ] F 4 contains an involution which acts as a graph automorphism on both A 2 factors of M . Therefore, there exists an involution t such that
Consider the first case. By [10, (4)). The element t can be seen as minus the identity in both A 1 factors and hence has trace 2 on V 26 . Therefore
Now consider the second case, when X is a maximal subgroup Table 5. Then from Table  10 , L(F 4 ) ↓ Y = 16/14/10 3 /6/2 3 . As p = 7, Theorem 3.8 applies and hence X is conjugate to Y .
If M = A 1 (p ≥ 13) then X = M and X is F 4 -irreducible and not conjugate to any other A 1 subgroup (this follows immediately from Theorem 3.1).
Finally, we use the composition factors on L(F 4 ) (given in Table 10 ) to show that there are no further conjugacies between the A 1 subgroups in Table 5 .
7 Proof of Theorem 4:
In this section we classify the E 6 -conjugacy classes of E 6 -irreducible A 1 subgroups.
Then X is E 6 -conjugate to exactly one subgroup of Table 6 and each subgroup in Table 6 is irreducible. Table 6 :
We note that for each irreducible A 1 subgroup X in Table 6 the composition factors for X acting on V 27 and L(E 6 ) are found in Table 10 .
Proof. We use the same method as for F 4 , taking each reductive, maximal connected subgroup M of E 6 in turn (from Theorem 3.1) and finding all E 6 -irreducible A 1 subgroups contained in them, up to
. Suppose we are in the first case and so
, where the second factor A 1 acts as 5 on V A 5 (λ 1 ). From Table 11 , X has no trivial composition factors on L(E 6 ) and is thus E 6 -irreducible by Corollary 3.6, yielding E 6 (#1).
In the second case X = E 6 (#2), a diagonal subgroup
If p > 5, then X is E 6 -irreducible by Corollary 3.6. If p = 5, Corollary 3.6 applies unless X = E 6 (#2 {0,0,1} ). In this case V 27 ↓ X = 12/8/6/4/0 (from Table 11 ) so the dimensions of the composition factors are 9, 8, 5, 4, 1. We use Lemma 3.5 to show that X is E 6 -irreducible. Suppose not, then there exists an A 1 subgroup with the same composition factors as X on
But the dimensions of their composition factors on V 27 are 16, 10, 1 for D 5 , 10 2 , 5, 2 for A 1 A 4 , 9, 6 2 , 3 2 for A 1 A 2 2 and 15, 6 2 for A 5 . Therefore, no A 1 subgroup of L ′ has the same composition factors as X, a contradiction. When p = 3, we use Lemma 3.5 again. There are four possibilities for the dimensions of the composition factors of X on V 27 : 12, 9, 4, 1 2 (r, s, t distinct), 9 2 , 4, 3, 1 2 (r = t), 9, 4 4 , 1 2 (r = s = t − 1) and 9, 4 3 , 3, 1 3 (r = s = t − 1). It follows that only L ′ = D 5 can contain an A 1 subgroup with the same composition factors as X on V 27 . Further consideration of the dimensions (and recalling that p = 3) leads to the only possibility being
The composition factors of X and Y do not agree on V 27 regardless of the choice of r, s, t and a. Hence X is E 6 -irreducible, completing the analysis of the
2 . Then p = 2 and X is a diagonal subgroup of A 3 1 < A 3 2 , where each A 1 factor is irreducibly embedded in A 2 . By Theorem 3.1, V 27 ↓ A 3 2 = (10, 01, 00)/(00, 10, 01)/(01, 00, 10) and hence
First, consider the case where all of the field twists in the embedding of X are distinct. Then the action of X on V 27 has three composition factors, all of dimension 9. Using Table 20 , we see that no A 1 subgroup of a Levi subgroup can have the same composition factors as X on V 27 . Hence X is E 6 -irreducible by Lemma 3.5 and this yields E 6 (#3).
If at least two of the field twists in the embedding of X are equal then we claim that X is contained in A 1 A 5 . To prove the claim, we first show that A 3 1 < A 3 2 is contained in C 4 , acting as (1, 1, 1) on V C 4 (λ 1 ). Consider the standard graph automorphism of E 6 , call it τ . Then w 0 = −τ and so t := τ w o acts as −1 on a maximal torus of E 6 . Therefore t induces a graph automorphism on each A 2 factor of A 3 2 . It follows that A 3 1 < C E 6 (t) because the irreducible A 1 in a subgroup A 2 is centralised by a graph automorphism of A 2 . We check that dim(C L(E 6 ) (t)) = 36 and so dim(C E 6 (t)) = 36 (by [3, 9.1], since t is semisimple). Therefore, C E 6 (t) • = C 4 by [10, Table 4 .3.1] and A 3 1 < C 4 . Considering the composition factors of A 3 1 on V 27 , it follows it is conjugate to an A 3 1 subgroup acting as (1, 1, 1) on V C 4 (λ 1 ), as required. It now follows that X is contained inĀ 1 
is generated by root subgroups of E 6 and so X <Ā 1 C E 6 (Ā 1 ) =Ā 1 A 5 , proving the claim. If only two of the twists are equal then X is E 6 -irreducible and conjugate to E 6 (#2 {r,r,s} ). If all three twists are equal then X is C 4 -reducible and hence E 6 -reducible.
Let M = A 2 G 2 . By Theorem 2, up to M -conjugacy, the projection of X to G 2 is either contained in A 1 A 1 or is maximal (p ≥ 7). Assume the former. Since the G 2 factor of M is contained in D 4 by [23] , the first A 1 factor of A 1 A 1 is generated by root subgroups of E 6 . Therefore,
Therefore, X has already been considered in the A 1 A 5 case. Now assume the projection to G 2 is maximal,
) then X is E 6 -irreducible by Corollary 3.6, yielding E 6 (#4). If X is embedded via (1, 1) then X is conjugate to Y = E 6 (#1 {0,0} ), by Theorem 3.8 since p > 5 = N (A 1 , E 6 ) and X has the same composition factors on L(E 6 ) as Y . Now suppose M = F 4 . Theorem 3 gives all of the conjugacy classes of F 4 -irreducible A 1 subgroups, showing they are all contained in
is also contained in A 1 A 5 and has already been considered. If X is contained in A 1 G 2 then X is contained in the maximal subgroup A 2 G 2 (since C E 6 (G 2 ) • = A 2 ) and has also been considered already. Finally, if X is a maximal A 1 in F 4 then X is E 6 -irreducible by Corollary 3.6, yielding E 6 (#5). Now consider M = C 4 (p = 2). By considering the action of X on V C 4 (λ 1 ) and using Lemma 3.4, it follows Table 3 ] and so C 2 2 is contained in a Levi subgroup. If X is contained inĀ 1 C 3 then X is also contained in A 1 A 5 , hence considered in the A 1 A 5 case. If X is contained in A 3 1 , acting as (1, 1, 1) on V C 4 (λ 1 ) then an argument in the A 3 2 case showed that X is contained in A 3 2 . The last possibility is p ≥ 11 and X is maximal in C 4 acting as 7 on V C 4 (λ 1 ). From Table 11 , we see that X is E 6 -irreducible by Corollary 3.6, yielding E 6 (#6) in Table 6 .
Let M be one of the two conjugacy classes of G 2 (p = 7). By Theorem 2, an M -irreducible subgroup A 1 is contained in A 1 A 1 or is maximal (p > 7). If X is maximal then X is conjugate to E 6 (#6) by Theorem 3.8, since both subgroups have the same composition factors on L(E 6 ) and p > 5 = N (A 1 , E 6 ). Now suppose X is contained in A 1 A 1 . When p = 2, we claim that A 1 A 1 is contained in A 1 A 5 and X has already been considered. In G 2 , A 1 A 1 is the centraliser of a semisimple element of order 2, and by [10, When p = 2, we claim that X is E 6 -reducible. To prove this we consider the action of A 1 A 1 on L(E 6 ). By [19, Table 10 .1], L(E 6 ) ↓ G 2 = 11 + 01. In Table 9 , the composition factors of contain an E 6 -irreducible A 1 subgroup when p = 2. Therefore X is E 6 -reducible, as claimed.
Finally, let M be one of the two conjugacy classes of A 2 (p ≥ 5). There is just one M -irreducible subgroup X, acting as 2 on V A 2 (10). If p ≥ 7 then Theorem 3.8 shows that X is conjugate to E 6 (#1 {0,0} ), which is contained in A 1 A 5 . When p = 5, we show that X is E 6 -reducible. By [19, Table 10 .
(which states that a tensor product of tilting modules is again titling), 4 ⊗ 4 = 0|8|0 + 2|6|2 + 4. Since V A 2 (20) ↓ X = 4 + 0 and V A 2 (11) ↓ X = 4 + 2, it follows that V 27 ↓ X = (0|8|0) + (6|2) + 4 2 or (0|8|0) + (2|6) + 4 2 . This shows that X fixes a 1-space of V 27 . The dimension of the centraliser in E 6 of this 1-space is at least 51 (=78-27) and hence is either contained in a parabolic subgroup or in F 4 . Assume the latter. By [19, Table 10 .2], V 27 ↓ F 4 = 0001 + 0000. Any subgroup of F 4 therefore has a trivial direct summand on V 27 . But X does not have a trivial direct summand on V 27 and hence is not contained in F 4 . Therefore X is E 6 -reducible.
Using the composition factors on L(E 6 ) (given in Table 11 ) we see there are no further conjugacies between the A 1 subgroups in Table 6 , which completes the proof.
Proof of Theorem 5: E 7 -irreducible A 1 subgroups
In this section we find the E 7 -irreducible A 1 subgroups of E 7 , proving Theorem 5.
Theorem 5. Suppose X is an irreducible subgroup A 1 of E 7 . Then X is E 7 -conjugate to exactly one subgroup of Table 7 and each subgroup in Table 7 is irreducible. Table 14 for conditions on r, . . . , w)
The composition factors of the E 7 -irreducible A 1 subgroups in Table 7 acting on V 56 and L(E 7 ) are listed in Table 12 .
Proof. We consider each reductive, maximal connected subgroup M of E 7 in turn. By Theorem 3.1, these are
. First, we need to find the E 7 -conjugacy classes of the A 1 D 6 -irreducible A 1 subgroups contained in A 1 D 6 . Using Lemma 3.4, we see that the A 1 D 6 -irreducible A 1 subgroups are the subgroups listed in lines 1-14 of Table 7 without the constraints on the field twists, as well as
For most of the subgroups, the E 7 -conjugacy classes are just the A 1 D 6 -conjugacy classes. This is the case for subgroups E 7 (#1)-E 7 (#6), E 7 (#10), E 7 (#11), E 7 (#14) (we can check that E 7 does not fuse any of the A 1 D 6 -conjugacy classes by considering the composition factors on V 56 given in Table 12 ).
All of the remaining A 1 D 6 -irreducible A 1 subgroups are contained in A 3 1 D 4 . By [7, 
. Then the projection of X is contained in the centraliser of both a triality automorphism (since X is contained in a G 2 or A 2 respectively) and an involutory automorphism of D 4 (since X is contained in a B 3 or A 1 B 2 respectively). The conjugacy classes of E 7 (#7) and E 7 (#9) follow. Next, assume the projection of X to D 4 acts as
Then, up to E 7 -conjugacy, we may fix X to act as Table 7 . The projection of X to D 4 is contained in A 1 B 2 and is therefore fixed by an involution in the outer automorphism group of D 4 . By considering composition factors, we see that this involution swaps the two A 1 factors contained in D 6 . The conjugacy classes of X now follow, which are E 7 (#8) in Table 7 . The same argument applies when the projection to D 4 acts as
(p = 2; r, s, t distinct). Therefore, we exclude Z from Table 7 and obtain the conjugacy classes E 7 (#13).
The last possibility to consider is when the projection of X to D 4 is contained in SO 4 × SO 4 and so X is E 7 (#12). In this case X is contained in A 7 1 and N E 7 (A 7 1 ) = (A 7 1 ).P SL(2, 7) by [7, Table 10 ]. There is a natural action of P SL(2, 7) on the points of the Fano plane and this leads to an isomorphism between P SL(2, 7) and the subgroup of S 7 generated by (1, 2, 3)(5, 6, 7) and (2, 4) (3, 5) . This subgroup is 2-transitive and has two orbits on sets of 3 points. One orbit is made up of all 3 point sets that form a line in the Fano plane and the other orbit is the 3 point sets that do not form a line.
As P SL(2, 7) is transitive we may assume that the field twist in the first A 1 is zero and we let X ֒→ A 7
). In particular, we have fixed that (0, r, s), (0, w, v) and (0, t, u) form lines. We claim that the 6-tuples r, . . . , w satisfying the conditions in Table 14 yield a set of representatives of the E 7 -conjugacy classes of X without repetition. We will prove the first few lines of Table 14 . The others are similar and easier.
Assume r, . . . , w are all non-zero. By Lemma 3.4, X is A 1 D 6 -irreducible if and only if the following conditions hold: the sets {r, s}, {t, u} and {v, w} are distinct and at most one of the sets has cardinality one. The stabiliser in P SL(2, 7) of a point is isomorphic to S 4 .
First suppose r, . . . , w are all distinct. The action of S 4 on r, . . . , w is given by the natural action of S 4 on pairs of {1, 2, 3, 4}. This action of S 4 on {r, . . . , w} is transitive and so we may assume that r is the smallest integer in r, . . . , w. Now consider the stabiliser in S 4 of r, a Klein four-group, V 4 . Since 0, r, s form a line, it follows that s is fixed and so no further conditions can be imposed on s. The action of V 4 on t, u, v, w, allows us to assume that t is the smallest integer of t, u, v, w. The stabiliser of t in V 4 is trivial and hence we have the conditions given in the first row of Table 14 .
Next, suppose exactly two of r, . . . , w are the same. The action of S 4 on r, . . . , w has two orbits on pairs. Hence we assume either r = s or r = t. If r = s, then the stabiliser of the pair {r, s} is isomorphic to Dih 8 . The action of Dih 8 on t, u, v, w is transitive. Therefore we may assume that t is the smallest integer of these. The stabiliser of t in Dih 8 is isomorphic to Z 2 , swapping v and w. Therefore, we may assume v < w. If r = t, then the stabiliser in S 4 of {r, t} is Z 2 , swapping s and u. Therefore, we may assume s < u. This yields the second and third rows of Table 14 .
For the final example, suppose exactly three of r, . . . , w are the same. The action of S 4 on r, . . . , w has two orbits on triples. Hence we assume either r = s = t or r = t = w. The stabiliser of {r, s, t} in S 4 is trivial and so no further conditions can be imposed. The stabiliser of {r, t, w} is isomorphic to Z 3 , acting as a 3-cycle on t, u, v. Therefore, we assume that t is the smallest.
We now need to show that the subgroups E 7 (#1)-E 7 (#14) are E 7 -irreducible.
The subgroups with ID numbers 1, 2 (p > 7), 3 (p > 5), 4, 5 (p > 11), 6 (p > 7), 7 (p > 7), 8 (p > 5), 9 (p > 5), 10 (p > 5), 11 and 12 (p > 3) are all E 7 -irreducible by Corollary 3.6 (the composition factors of L(E 7 ) ↓ X are listed in Table 12 ).
In many of the remaining cases, Corollary 3.6 still applies. We present the cases where we use Lemma 3.5 with Table 21 to prove the remaining subgroups are E 7 -irreducible. The arguments are all very similar and so we will omit the details for some of them.
Firstly, consider X = E 7 (#2) when p = 7. Then Corollary 3.6 applies unless r = s = t − 1 in which case X has one trivial composition factor on L(E 7 ) and L(E 7 ) ↓ X = 22/ 18 2 / 16/ 14 2 / 12 2 / 10 3 / 8/ 6/ 4/ 2 5 / 0. We will use Lemma 3.5 by showing that the composition factors of any irreducible subgroup of a Levi factor do not match those of X on L(E 7 ). Suppose, for a contradiction, that Y is an L ′ -irreducible A 1 subgroup of a Levi subgroup L, having the same composition factors as X on L(E 7 ). Since X has only one trivial composition factor on L(E 7 ), L ′ has only one trivial composition factor on L(E 7 ). Therefore, using Table 21 Table 6 . Using the composition factors in Table  11 , we find that L(E 7 Table 21 . Since all A 1 -modules are self-dual it follows that the restriction to Y of the composition factors (2, 00, 000), (0, 11, 000) and (0, 00, 101) yield a copy of each non-trivial odd-multiplicity composition factor of L(E 7 ) ↓ X. This is a contradiction, because the sum of the dimensions of one copy of each non-trivial odd-multiplicity composition factor is 46, which is greater than 26. Therefore, no such subgroup Y exists and X is indeed E 7 -irreducible by Lemma 3.5. Now consider X = E 7 (#3). If p = 5, then Corollary 3.6 applies unless r = s = u − 1, in which case X has one trivial composition factor on L(E 7 ). A similar argument to the previous one shows that X is E 7 -irreducible. If p = 3, then there are more cases when Corollary 3.6 does not apply. If r = u + 1, r = s = u − 1, r = s = t − 1 = u − 2 or r = t = s − 1 = u − 2 then X has one trivial composition factor on L(E 7 ) and X is E 7 -irreducible by a similar argument to before. The only other case where Corollary 3.6 does not apply is r = u (so r, s, t are distinct), in which case X has two trivial composition factors on
having the same composition factors as X on L(E 7 ). Then using 
In the first case when c = d or in the second case, L(E 7 ) ↓ Y has at least three trivial composition factors since (0, λ 1 ) is a multiplicity two composition factor of L(E 7 ) ↓ A 1 D 5 , which is a contradiction. Now suppose c = d. Then by considering the multiplicity of the 3-dimensional composition factors of X on L(E 7 ), it follows that {a, b} = {r, t}. But then the projection of Y to D 5 will have a 2 [r] ⊗ 2 [t] composition factor on V D 5 (λ 2 ), a contradiction. We can also rule out Y being contained in A 1 A 5 , since X and hence Y , has no 2-dimensional composition factors on L(E 7 ). Finally, we rule out A 1 A 2 A 3 as it has no composition factors of dimension at least 27. Therefore, no such Y exists and X is E 7 -irreducible by Lemma 3.5. Now let p = 11, and X 1 = E 7 (#5 {1,0,0} ) and X 2 = E 7 (#5 {0,0,1} ) (Corollary 3.6 applies for all of the other cases). Then from Table 12 , we find that V 56 ↓ X 1 = 19/13/11/9 2 /5/3 and V 56 ↓ X 2 = 23/21/15/9/7. In particular, neither X 1 nor X 2 have a trivial composition factor on V 56 . Then by Table 21 , if there exists a subgroup Y ∼ = A 1 having the same composition factors as X on V 56 contained in a Levi subgroup, it will be contained in one of the following Levi subgroups:
The dimensions of composition factors of X 1 and X 2 on V 56 are 18, 10 2 , 6 2 , 4, 2 and 22, 10 2 , 8, 6, respectively. Using Table  21 , we see that this is incompatible with any subgroup of such a Levi subgroup. Hence Lemma 3.5 shows that both X 1 and X 2 are E 7 -irreducible.
Similarly, let p = 7 and X = E 7 (#6 {1,0,0} ). Then V 56 ↓ X = 13/11/9/7/5 2 /3 2 with dimensions 14, 10, 6 3 , 4 2 , 2. These dimensions are incompatible with any subgroup of a Levi factor, using Table 21 . (#10 {0,0,1,0} ). From Table 12 , V 56 ↓ X = 17/ 15/ 13/ 11/ 9/ 7/ 3/ 1. The dimensions of these composition factors are incompatible with any subgroup of a Levi factor and hence X is E 7 -irreducible by Lemma 3.5. Now suppose p = 3. There are many cases where Corollary 3.6 does not apply. Let X 1 = E 7 (#10 {0,0,1,0} ) and X 2 = E 7 (#10 {1,0,1,1} ). Then both X 1 and X 2 have three trivial composition factors on L(E 7 ). Suppose Y is a subgroup of a Levi factor L having the same composition factors as X 1 on V 56 and L(E 7 ). Using Table 21 and the number of trivial composition factors on L( Table 12 , we have V 56 ↓ X 1 = 11/9 2 /7 3 /5 2 /3 5 /1 3 . Therefore Y is not a subgroup of E 6 , A 6 , A 2 A 4 or A 1 A 4 by considering the dimensions of the composition factors on V 56 . Suppose Y is contained in D 6 . Then by Lemma 3.4,
(the pairs {r, s}, {t, u}, {v, w} are distinct and at least two of them have cardinality two). But restricting from D 6 , we find that Y has a 9-dimensional, 3-dimensional or 4-dimensional composition factor on V 56 , respectively, which is a contradiction. Now suppose Y is contained in A 1 D 5 . Then by Lemma 3.4, 
Hence Y has a 4-dimensional composition factor again, a contradiction. Therefore Y does not exist and X 1 is E 7 -irreducible. The proof is almost identical for X 2 and is similar and easier for the other cases as they all have fewer trivial composition factors on L(E 7 ).
Similar arguments show that E 7 (#11) is E 7 -irreducible when p = 3, 5 and E 7 (#12) is E 7 -irreducible when p = 3. Table 12 , we see that V 56 ↓ X has a 32-dimensional composition factor. Therefore, L ′ = D 6 and from Table 21 , we have V 56 ↓ D 6 = λ 2 1 /λ 5 . It follows that the remaining composition factors of V 56 ↓ Y have even multiplicity, a contradiction. Therefore X is E 7 -irreducible by Lemma 3.5.
Finally, let X be E 7 (#12) or E 7 (#13). Using Lemma 3.9 and Table 21 , we find the composition factors on V 56 of each L ′ -irreducible A 1 subgroup of a Levi factor L ′ . We carefully check that they do not match the composition factors of X on V 56 . Therefore, X is E 7 -irreducible by Lemma 3.5. This completes the analysis of the case M = A 1 D 6 .
The next case to consider is M = A 7 . By Lemma 3.4, X acts on
In the first two cases X preserves a symplectic form on V A 7 (λ 1 ) and hence X is contained in C 4 . By [28 
and has already been considered. We therefore assume the projection of X to G 2 is maximal and so p ≥ 7. Using Lemma 3.4, we find that the projection of X to C 3 is contained inĀ 1 C 2 , A 1 A 1 or is maximal. If the projection of X is contained inĀ 1 C 2 then X is contained inĀ 1 D 6 and has already considered. Now suppose the projection is contained in A 1 A 1 acting as (2, 1) on
) (rst = 0; s = t). If r = s we claim that X is contained inĀ 1 D 6 . We first note that X is also contained in A 1 A 1 G 2 < A 1 F 4 , since the factor G 2 of A 1 A 1 G 2 is contained in a D 4 Levi subgroup and is hence conjugate to the factor G 2 of M . It follows that X is conjugate to
. Moreover, by Theorem 3, we have Y is conjugate to a subgroup of A 1Ā1 C 3 < A 1 F 4 and hence to a subgroup ofĀ 1 D 6 . Specifically, X is conjugate to E 7 (#1 {r,r,t} and is E 7 -irreducible. When r = s, X is E 7 -irreducible by Corollary 3.6, yielding E 7 (#16). Finally, suppose the projection of X to C 3 is maximal, so
) (rs = 0). If r = s then X is E 7 -irreducible by Corollary 3.6, giving E 7 (#15). If p > 7 and r = s = 0 then Theorem 3.8 shows that X is conjugate to E 7 (#5 {0,0,0} ) inĀ 1 D 6 .
When p = 7 and r = s = 0 then we note a correction to [1, Theorem 8.13] and show that X is E 7 -reducible. This is almost shown in the proof of [18, Lemma 4.6] but we provide the full argument here. Assume X is E 7 -irreducible. This is almost shown in the proof of [18, Lemma 4.6] but we provide the full argument here. From Theorem 3.1, V 56 ↓ G 2 C 3 = (10, 100)/(0, 001) and hence V 56 ↓ X = 11/9 2 /7/5 2 /3 4 /1 2 . It is easy to check that the following Weyl modules have the indicated structure: W (11) = 11|1, W (9) = 9|3, W (7) = 7|5, W (5) = 5, W (3) = 3. By [11, II 4.14], only 11 extends 1 and Ext 1 A 1 (11, 1) ∼ = K, so X stabilises a module W ∼ = 1. We wish to investigate N := N E 7 (W ) • . The variety of all 2-spaces in V 56 has dimension 108 and so N has dimension at least 25 (= dim(E 7 ) − 108). Consider a maximal connected subgroup M 1 containing N and hence X. This subgroup is reductive (otherwise X is E 7 -reducible, a contradiction) and hence listed in Theorem 3.1. The possibilities for M 1 are A 7 , A 1 D 6 , A 2 A 5 , A 1 F 4 and G 2 C 3 . Since X is E 7 -irreducible and contained in N , it follows that M 1 contains an E 7 -irreducible A 1 subgroup with the same composition factors as X on V 56 . By the previous cases, A 7 does not contain any E 7 -irreducible A 1 subgroups and so M 1 is not A 7 . Now suppose M 1 = A 1 D 6 . Then X is conjugate to E 7 (#n) where n = 1-3, 6-12. Using the composition factors from Table 12 we see this is not possible. Next, suppose M 1 = A 2 A 5 . Then since all A 2 A 5 -irreducible A 1 subgroups are contained in A 1 D 6 , this is also impossible. Suppose M 1 = A 1 F 4 . Since p = 7, A 1 F 4 does not fix a 2-space on V 56 and therefore N is properly contained in A 1 F 4 . Since N has dimension at least 25, it follows from Theorem 3.1 that N is contained in A 1 B 4 or A 1Ā1 C 3 . In both cases, it follows that N is contained in A 1 D 6 (see the M = A 1 F 4 case below). Hence X is contained in A 1 D 6 , which is again impossible. Finally, suppose M 1 = G 2 C 3 . Since G 2 C 3 does not fix a 2-space of V 56 , we have N is contained in a proper reductive, maximal connected subgroup of G 2 C 3 , which contains X. The only A 1 subgroups of G 2 C 3 with the same composition factors as X on V 56 are all G 2 C 3 -conjugate to X. It follows that the only reductive, connected proper subgroups of G 2 C 3 containing X are A 1 C 3 , G 2 A 1 and A 1 A 1 , where the factor A 1 subgroups are maximal in their respective factors of G 2 C 3 . All three subgroups have dimension less than 25. This is a contradiction, proving X is E 7 -reducible. Now let M = A 1 G 2 (p = 2). By Theorem 2, the projection of X to G 2 is contained in A 1 A 1 or is maximal with p ≥ 7. Consider the first case. We claim that X is also contained in A 1 D 6 and considered below. This follows by calculating the centraliser in E 7 of the involution that the A 1 A 1 centralises in G 2 , and finding it to be A 1 D 6 . Now suppose the projection of X to G 2 is maximal, so p ≥ 7 and X ֒→ A 1 A 1 via (1 [r] , 1 [s] ) (rs = 0). If r = s then X is E 7 -irreducible by Corollary 3.6, yielding E 7 (#17) in Table 12 . If p ≥ 11 and r = s = 0 then Theorem 3.8 shows that X is conjugate to E 7 (#5 {0,0,0} ), a subgroup of A 1 D 6 . Another correction to [1, Theorem 8.13 ] is that if p = 7 and r = s = 0 then X is E 7 -reducible. This follows immediately from the argument given in the case M = G 2 C 3 because here again we have an A 1 subgroup, X, such that V 56 ↓ X = 11/9 2 /7/5 2 /3 4 /1 2 and the argument only relied upon the composition factors on V 56 .
Let M = A 1 F 4 . Theorem 3 shows that the projection of X to F 4 is contained in B 4 ,Ā 1 C 3 (p = 2), A 1 G 2 (p = 2) or A 1 (p ≥ 13). Any subgroup of A 1 B 4 is contained inĀ 1 D 6 . Indeed, B 4 (or its Lie algebra if p = 2) has a non-trivial centre and the full centraliser of this centre isĀ 1 D 6 . Similarly, if X is contained in A 1Ā1 C 3 then it is contained inĀ 1 D 6 because the centraliser ofĀ 1 in E 7 is D 6 . We saw in the M = G 2 C 3 case that A 1 A 1 G 2 is contained in G 2 C 3 and so X has already been considered when its projection to F 4 is contained in A 1 G 2 . That leaves us to consider X ֒→ A 1
) (p ≥ 13; rs = 0), where the second factor A 1 is maximal in F 4 . In this case Corollary 3.6 shows that X is E 7 -irreducible, yielding E 7 (#18).
, it follows that Y has the same composition factors as X on L(E 7 ). Since p ≥ 11 > 7 = N (A 1 , E 7 ), Theorem 3.8 applies. Hence X is conjugate to Y , which is contained in a parabolic subgroup of E 7 . Therefore X is E 7 -reducible.
For p = 5, 7 we show that X fixes a 1-space of V 56 . It then follows that X is contained in a parabolic subgroup of E 7 since the dimension of the centraliser of this 1-space is at least 77. From [19 , Table  10 .2], V 56 ↓ M = 60 + 06 (p = 7) and V 56 ↓ M = 22|(60 + 06)|22 (p = 5). When p = 7, we have V A 2 (60) = S 6 (V A 2 (10)) and restricting to X yields S 6 (2) = (0|12|0) + (4|8|4) (this final calculation is done in Magma [5] ). Therefore X fixes a 1-space of V 56 . When p = 5, V A 2 (20) ⊗ V A 2 (02) = (11|22|11) + 00 and restricting to X gives (4 + 0) ⊗ (4 + 0) = 0|8|0 + 2|6|2 + 4 3 + 0. Since V A 2 (11) ↓ X = 4 + 2, it follows that V A 2 (22) ↓ X = 0|8|0 + 6 + 4 and X fixes a 1-space of V 56 . In both cases X fixes a 1-space and is hence E 7 -reducible.
) (rs = 0). If r = s then X is E 7 -irreducible by Corollary 3.6, yielding E 7 (#19) in Table 7 . Now suppose r = s = 0. If p > 7 then Theorem 3.8 shows that X is conjugate to E 7 (#6 {0,0,0} ) and is hence E 7 -irreducible. If p = 7, we claim that X is also conjugate to Y = E 7 (#6 {0,0,0} ). Restricting from M and A 1 D 6 , we see that X and Y have the same composition factors on L(E 7 ) and on V 56 . We note that Y was already shown to be E 7 -irreducible when we considered A 1 D 6 above, using only the composition factors of Y on L(E 7 ) as Corollary 3.6 applies. Therefore, X is also E 7 -irreducible. To prove X is conjugate to Y we follow the proof of [15, Lemma 6.7] . From Table 12 , we see that L(E 7 ) ↓ X has no composition factors of the form 5 ⊗ c [1] where c > 0. Since X and Y have the same composition factors on L(E 7 ) they have the same labelled diagram. Hence the hypothesis of [15, Lemma 6.7] holds and the proof of it shows that L(X) = L(Y 1 ), where Y 1 is a suitable E 7 -conjugate of Y . Since X is E 7 -irreducible, we claim that C := C E 7 (L(X)) • = 1. Indeed, X normalises C and so C is reductive, otherwise X would be contained in a parabolic subgroup of E 7 . Furthermore, since C is a connected reductive group, the connected group X centralises C. Hence by Lemma 3.2, C = 1. So C E 7 (L(X)) • = 1 and hence N E 7 (L(X)) • = X. Therefore Y 1 = X and X is E 7 -conjugate to Y .
If p = 5 we note a final correction to [1, Theorem 8.13] . We claim that X ֒→ M via (1, 1) is E 7 -reducible. Suppose, for a contradiction, that X is E 7 -irreducible. First, we note that V 56 ↓ X = 9/7 2 /5 3 /3 6 /1 2 (this follows from V 56 ↓ M which is given in Theorem 3.1). We claim the only composition factor that extends 1 is 7 = 2 ⊗ 1 [1] and that Ext 1 A 1 (7, 1) ∼ = K. This follows from [11, II 4.14] and the structure of the following Weyl modules: W (9) = 9 = 4 ⊗ 1 [1] , W (7) = 7|1, W (5) = 5|3 and W (3) = 3. Since V 56 is self-dual, V 56 ↓ X has a submodule W ∼ = 1. By a previous argument, N := N E 7 (W ) • is of dimension at least 25 and we may assume that it is contained in a reductive, maximal connected subgroup M 1 of E 7 . The possibilities for M 1 are A 7 , A 2 A 5 , A 1 D 6 , A 1 F 4 and G 2 C 3 . Since X is E 7 -irreducible and contained in N , it follows that M 1 contains an E 7 -irreducible A 1 subgroup with the same composition factors as X on V 56 . By the previous cases, A 7 does not contain any E 7 -irreducible A 1 subgroups and so M 1 is not A 7 . Since p = 5, it also follows that every E 7 -irreducible A 1 subgroup of A 2 A 5 , G 2 C 3 and A 1 F 4 is conjugate to a subgroup of A 1 D 6 . Therefore, A 1 D 6 contains an E 7 -irreducible A 1 subgroup with the same composition factors as X on V 56 . By the M = A 1 D 6 case, it follows that E 7 (#n), where n = 3, 8-12, has the same composition factors as X on V 56 . Using Table 12 , we see that this is a contradiction. Therefore X is E 7 -reducible, as claimed. Now suppose M is one of the two conjugacy classes of maximal A 1 subgroups in E 7 . Then M = X and X is E 7 -irreducible. This accounts for the subgroups E 7 (#20) and E 7 (#21).
Finally, we check there are no more E 7 -conjugacies between any of the irreducible A 1 subgroups by comparing the composition factors in Table 12. 9 Proof of Theorem 6: E 8 -irreducible A 1 subgroups
In this section we classify the E 8 -irreducible A 1 subgroups of E 8 . Theorem 6. Suppose X is an irreducible subgroup A 1 of E 8 . Then X is E 8 -conjugate to exactly one subgroup of Table 8 and each subgroup in Table 8 is irreducible. [u] (rt = 0; r < s; t < u) ≥ 5 22
(rstuvw = 0; see Table 15 for the further conditions on r, . . . , w) Table 16 for conditions on r, . . . , x)
(ruv = 0; see Table 17 for the further conditions on r, . . . , x)
(1 [r] , E 7 (#16 {s,t,u} )) (rstu = 0; s = t; t = u) ≥ 7 32
(1 [r] , E 7 (#17 {s,t} )) (rst = 0; s = t) ≥ 7 33
(1 [r] , E 7 (#18 {s,t} )) (rst = 0) ≥ 13 34
(1 [r] , E 7 (#19 {s,t} )) (rst = 0; s = t)
, F 4 (#11 {s,t} )) (rs = 0; r < t; r = s; s = t)
For each irreducible A 1 subgroup X the composition factors for X acting on L(E 8 ) are found in Table  13 .
Proof. We consider each reductive, maximal connected subgroup M of E 8 in turn. By Theorem 3.1, these are
Let X be an M -irreducible A 1 subgroup. 
There is just one D 8 -class of such D 8 -irreducible A 1 subgroups, since the graph automorphism of D 6 just swaps s and t. In E 8 we may swap u and v or if u = v then we may swap s and t. Therefore, to have a complete set of representatives without repeats we need u < v or u = v and s < t, as in E 8 (#6). Similar arguments apply to yield E 8 (#13), E 8 (#15), E 8 (#17) and E 8 (#25).
We now consider subgroups of D 2 4 . We have [u] (1 class). Furthermore, if r = s then the projection of Y lies in A 2 , which is the centraliser of a triality automorphism. We may therefore assume, up to E 8 -conjugacy, that the projection of Y to the second D 4 factor acts as 4 [t] + 2 [u] . This analysis leads to the classes E 8 (#21) and E 8 (#22) in Table 8 .
Next we consider subgroups contained in A 4 1 D 4 . By [7, 
. In the first case the projection of Y is contained in G 2 and hence centralised by the action of S 3 . In this case the action of S 4 on A 4 1 allows us to assume s < t < u < v, yielding E 8 (#18). In the second and third cases, we may use the triality automorphism to assume Y acts as 4 [r] + 2 [s] . If r = s then the projection of Y is centralised by the action of S 3 ; whereas when r = s the projection of Y is only centralised by an involution in S 3 . This yields the constraints on the field twists in E 8 (#23). Similarly, the fourth and fifth cases yield E 8 (#27).
Finally, we consider the classes of irreducible A 1 subgroups contained in A 8
1 . By [7, 1 < E 7 , systematically formulating constraints on the field twists, ensuring that each tuple (0, r, s, t, u, v, w, x) gives a D 8 -irreducible and there are no repeated classes. We note that AGL(3, 2) is 3-transitive, with two orbits on 4-sets, with representatives (in terms of the eight field twists) given by 0, r, s, t and 0, r, s, u. Moreover the stabiliser of a singleton is isomorphic to P SL(2, 7), the stabiliser of a pair is isomorphic to Z 2 × S 4 , the stabiliser of a triple is isomorphic to S 4 , as is the stabiliser of either class of quadruples. From this, it is easy to prove the conditions on r, . . . , x give a complete set of E 8 -conjugacy classes of D 8 -irreducible A 1 subgroups contained in A 8 1 , without repeat. For the case M = D 8 , it remains to prove that E 8 (#1)-E 8 (#29) are E 8 -irreducible. Firstly, by considering the composition factors from Table 13 , Corollary 3.6 shows that E 8 (#n) is Table 22 , we find that the possibilities for Table 22 , V D 7 (λ 1 ) occurs as a multiplicity two composition factor of L(E 8 ) ↓ D 7 . Therefore, Y does not have the same composition factors as X on L(E 8 ), since there are no combination of composition factors of L(E 8 ) ↓ X that make two isomorphic 14-dimensional modules. Now suppose Y is contained in A 2 D 5 . It follows from the composition factors of X, and by assumption Y , on L(E 8 ) that (00, λ 1 ) ↓ Y = 6+2 [1] . Then (00, λ 4 ) ↓ Y = 6⊗1 [1] +1 [1] . Since (00, λ 4 ) occurs as a composition factor of A 2 D 5 on L(E 8 ), we see that Y has a 2-dimensional composition factor on L(E 8 ), a contradiction. Similarly, if Y is contained in A 7 then V A 7 (λ 1 ) ↓ Y = 14 = 3 ⊗ 1 [1] . Therefore, V A 7 (λ 3 ) ↓ Y , which occurs as a composition factor of L(E 8 ) ↓ A 7 , has a composition factor of high weight 36, a contradiction. Now suppose Y is contained in A 3 A 4 . By Table 22 , (100, 0000) and (001, 0000) both occur as composition factors of L(E 8 ) ↓ A 3 A 4 . But L(E 8 ) ↓ X has only one composition factor of dimension four and so the projection of Y to A 3 is not A 3 -irreducible, a contradiction. Now suppose Y is contained in A 1 A 6 . Then we find that V A 6 (λ 1 ) ↓ Y = 6 and so both V A 6 (λ 3 ) ↓ Y and V A 6 (λ 4 ) ↓ Y have a composition factor of high weight 12. Therefore, L(E 8 ) ↓ Y has at least two composition factors of high weight 12, a contradiction. Finally, suppose Y is contained in A 1 A 2 A 4 . The largest dimension of a composition factor of L(E 8 ) ↓ A 1 A 2 A 4 is 30 and hence L(E 8 ) ↓ Y does not have a composition factor of dimension 32, a contradiction. We have hence shown that no such subgroup Y exists and so Lemma 3.5 shows that X is E 8 -irreducible.
Similar arguments show that
) and E 8 (#26) (p = 3) are E 8 -irreducible, as they have at most one trivial composition factor on L(E 8 ).
We next consider the remaining cases when p = 2. First let X = E 8 (#5) (p = 7). Then X has a trivial composition factor on L(E 8 ) when r = s − 1 = u and has two trivial composition factors when r = s − 1 = t = u. Using Lemma 3.5, we will show that X is E 8 -irreducible when r = s − 1 = t = u. The case r = s − 1 = u = t is similar and in all other cases Corollary 3.6 applies. Since rstu = 0, we have r = t = u = 0, s = 1 and from Table 13 , we see that L(E 8 ) ↓ X = 22 2 / 20/ 18 3 / 16/ 14 3 / 12 5 / 10 5 / 8 2 / 6/ 4 2 / 2 7 / 0 2 . Suppose there exists an L ′ -irreducible subgroup Y of a Levi factor L with the same composition factors as X on L(E 8 ). Using Table 22 , we find that the possibilities for
We also rule out A 1 A 6 as there are no A 6 -irreducible A 1 subgroups of A 6 when p = 7 (by Lemma 3.4). Now suppose Y is contained in D 7 . From Table 22 , V D 7 (λ 1 ) occurs as a multiplicity two composition factor of L(E 8 ) ↓ D 7 . As L(E 8 ) ↓ X has only one 7-dimensional composition factor, two 5-dimensional composition factors and two trivial composition factors, it follows that 
Now suppose Y is contained in
. In the latter case, Y is contained in C 4 , which has three trivial composition factors on L(E 8 ) (by [15, Table 8 .1]), hence Y has at least three trivial composition factors, a contradiction. So Y acts as
↓ Y has at least one copy of each odd multiplicity composition factor of L(E 8 ) ↓ Y . The sum of the dimensions of such composition factors is at least 78, which is greater than 63, a contradiction. Now suppose Y is contained in A 3 A 4 . Then L(E 8 ) ↓ A 3 A 4 has one trivial composition factor. All of the other composition factors occur in pairs with their duals, except for (101, 0000) and (000, 1001). Since Y has exactly two trivial composition factors, it follows that 101 restricted to the projection of Y to A 3 or 1001 restricted to the projection of Y to A 4 has exactly one trivial composition factor (and not both). However, the projection of Y to A 3 and the projection to A 4 are irreducible and so act as 1 ⊗ 1 [a] (a = 0) or 3 [a] and 4 [a] on the natural module, respectively. Neither action on 100 yields a trivial composition factor on 101 and the action on 1000 does not yield a trivial composition factor on 1001. Hence Y is not contained in A 3 A 4 . A similar argument also rules out A 1 A 2 A 4 . Finally, suppose Y is contained in A 2 3 . Then (101, 000) ↓ Y and (101, 000) ↓ Y have a least one copy of each odd multiplicity composition factor of L(E 8 ) ↓ Y . As before, the sum of the dimensions of one copy of each odd multiplicity isomorphism class of composition factors is 78, which is greater than 30, a contradiction. We have shown that no such subgroup Y exists and hence X is E 8 -irreducible by Lemma 3.5.
Similar arguments show that E 8 (#15) (p = 11), E 8 (#17) (p = 7), E 8 (#22) (p = 7) and E 8 (#24) (p = 3) are E 8 -irreducible, as they have at most two trivial composition factors on L(E 8 ). The remaining cases when p = 2 are E 8 (#6) (p = 3), E 8 (#9) (p = 3), E 8 (#22) (p = 5) and E 8 (#23) (p = 3). They all have at most four trivial composition factors on L(E 8 ) (in fact, E 8 (#12) has at most three). We will consider one of the cases in which E 8 (#6) has four trivial composition factors and prove it is E 8 -irreducible. The other cases are all similar.
Let X = E 8 (#6) and p = 3. When s = u = v = r − 1 = t − 2, we see from Table 13 that X has four trivial composition factors on L(E 8 ). Since rst = 0, we have s = u = v = 0, r = 1, t = 2 and L(E 8 ) ↓ X = 30/ 28/ 26 2 / 24/ 22/ 18 4 / 16 5 / 14 2 / 12 7 / 10 2 / 6/ 4 2 / 2 6 / 0 4 . As usual, suppose there exists an L ′ -irreducible subgroup Y of a Levi factor L with the same composition factors as X on L(E 8 ). Since p = 3 there are a few Levi subgroups L, that although they have four or fewer trivial composition factors on L(E 8 ), do not have an L ′ -irreducible A 1 subgroup. Using Table 22 , we find that the possibilities for
since they do not have at least two composition factors of dimension at least 27.
has at least three 9-dimensional composition factors, a contradiction. Now suppose Y is contained in E 7 . Then Y is conjugate to E 7 (#3), E 7 (#10), E 7 (#11) or E 7 (#12) by Theorem 5. By Table 22 , we have
↓ Y has exactly two 27-dimensional composition factors, which are isomorphic to each other (both are 26 = 2 ⊗ 2 [1] ⊗ 2 [2] ) it follows that V E 7 (λ 7 ) ↓ Y has exactly one 27-dimensional composition factor or V E 7 (λ 1 ) ↓ Y has two isomorphic 27-dimensional composition factors. Using Table 12 , we see that this is not true for E 7 (#10), E 7 (#11) and E 7 (#12). Therefore Y is conjugate to
occurs as a multiplicity two composition factor in L(E 8 ) ↓ D 7 and L(E 8 ) ↓ Y only has two non-isomorphic 3-dimensional composition factors. Similarly, the latter action is also impossible, since L(E 8 ) ↓ Y only has one 9-dimensional composition factor. So Y acts as 2 [ 
and
Hence L(E 8 ) ↓ Y has no 27-dimensional composition factors, a contradiction. Therefore Y does not exist and X is E 8 -irreducible by Lemma 3.5.
The final step for M = D 8 is to consider the case p = 2, where X is one of E 8 (#n) where n = 8, 26, 27, 28 or 29. As with the previous cases, we use Lemma 3.5 to prove X is E 8 -irreducible. Lemma 3.9 contains all L ′ -irreducible A 1 subgroups of Levi factors L when p = 2. For such an A 1 subgroup Y , one can write down the composition factors of L(E 8 ) ↓ Y and compare them to those of L(E 8 ) ↓ X form Table 13 . In all cases it is straightforward to show they never match and we leave the details to the reader. This completes the case M = D 8 .
(p ≥ 3; r = 0). In both cases X preserves an orthogonal form on V A 8 (λ 1 ) and is hence contained in B 4 . By [15, 
The projection of X to E 7 is E 7 -irreducible and so by Theorem 5, it is E 7 -conjugate to a subgroup in Table 7 . Let Y be the projection of X to E 7 so X is a diagonal subgroup of A 1 Y . We now analyse the different possibilities for Y from Theorem 5. Suppose Y is contained in A 1 D 6 . Then X is contained in A 2 1 D 6 which is a subgroup of D 8 , and has hence already been considered. Next, suppose Y is E 7 (#15) or E 7 (#16) and so Y is contained in G 2 C 3 . Consider the first case, Y = E 7 (#15). Then X ֒→Ā 1 A 1 A 1 via (1 [r] , 1 [s] , 1 [t] ) (rst = 0; s = t), where the second factor A 1 is maximal in G 2 and the third factor A 1 is maximal in C 3 . Corollary 3.6 shows that X is E 8 -irreducible, yielding E 8 (#30). Now let Y = E 7 (#16) and so X ֒→Ā 1 A 1 A 1 A 1 <Ā 1 G 2 C 3 via (1 [r] , 1 [s] , 1 [t] , 1 [u] ) (rstu = 0; s = t; t = u), where the second factor is maximal in G 2 and A 1 A 1 < C 3 acts as (2, 1) on V C 3 (100). If p > 7 then Corollary 3.6 shows that X is E 8 -irreducible. When p = 7, Corollary 3.6 applies except when r = t = 1, s = u = 0. Using the restriction of L(E 8 ) to E 8 (#31) in Table 13 , we calculate that L(E 8 ) ↓ X = 58/ 44/ 36/ 34/ 30 3 / 28/ 26 2 / 22/ 14 4 / 12 2 / 10 2 / 2 3 / 0. Suppose Z is an L ′ -irreducible subgroup of a Levi subgroup L having the same composition factors as X on L(E 8 ). Since L(E 8 ) ↓ X has only one trivial composition factor, the possibilities for Table 22 , we see that V D 7 (λ 1 ) ↓ Z occurs as a multiplicity two composition factor of L(E 8 ) ↓ Z. This is a contradiction, because L(E 8 ) ↓ X does not have a set of composition factors that make up two isomorphic 14-dimensional modules. Now suppose L ′ = A 7 . By considering the even multiplicity 8-dimensional composition factors of X, it follows that Z acts as 10 = 3 ⊗ 1 [1] 
has a 2-dimensional composition factor and therefore Z does, a contradiction. Now suppose L ′ = A 1 A 6 . Then the projection of Z to A 6 acts as 6 on V A 6 (λ 1 ). From Table 22 
has (000, 0100) as a composition factor. This has dimension 10, but we just noted that L(E 8 ) ↓ Z has no set of composition factors whose dimensions sum to 10. This final contradiction shows that Z does not exist and therefore Lemma 3.5 shows X is E 8 -irreducible when p = 7. This yields E 8 (#31) in Table 8 . Now consider the case where Y (the projection of X to E 7 ) is E 7 (#17) and so contained in
where the third factor A 1 is maximal in G 2 . We see that X is E 8 -irreducible by Corollary 3.6, yielding E 8 (#32). Similarly, when Y is E 7 (#18) we have
) (p ≥ 13; rst = 0) where the third factor A 1 is maximal in F 4 . Again, X is E 8 -irreducible by Corollary 3.6, giving E 8 (#33) in Table 8 .
is maximal. When p > 5, Corollary 3.6 applies. When p = 5, there is one trivial composition factor on L(E 8 ) ↓ X when (r, s, t) = (0, 1, 0) or (0, 0, 1) and none otherwise. We can use Lemma 3.5 in exactly the same way as for E 8 (#31) (p = 7) to show X is E 8 -irreducible. This gives E 8 (#34) in Table 8 .
Finally, suppose Y is conjugate to E 7 (#20) or E 7 (#21). Then X is E 8 -irreducible by Corollary 3.6, yielding E 8 (#35) and E 8 (#36), respectively. This concludes the M = A 1 E 7 case. Now let M = A 2 E 6 . The projection of X to A 2 acts as 2 on V A 2 (10) and p = 2. Let Y be the projection of X to E 6 . By Theorem 4, we see that Y is contained in
We claim that in all of the cases X is contained in either D 8 or A 1 E 7 and has therefore already been considered. If Y is contained in A 1 A 5 then X is contained in A 1 A 2 A 5 , which is a subgroup of A 1 E 7 . If Y is contained in A 3 2 then it is also contained in C 4 by the proof of Theorem 4. So when Y is either E 6 (#3) or E 6 (#6), X is contained in A 1 C 4 . The irreducible A 1 subgroup of A 2 is the centraliser of a graph automorphism of A 2 and similarly, C 4 is the centraliser in E 6 of a graph automorphism of E 6 . By [7, Table 11] , N E 8 (A 2 E 6 ) = (A 2 E 6 ).2 where the involution acts as a graph automorphism on both the A 2 and the E 6 factors. Therefore, there exists an involution t in E 8 such that A 1 C 4 < C E 8 (t) • . By [10, 
Suppose that Y is contained in A 2 G 2 . Then the factor G 2 is generated by root subgroups of E 8 and hence X is contained in
The proof of Theorem 3 shows that the A 2 A 2 -irreducible A 1 subgroups of A 2 A 2 are also contained in
Moreover, the projection of X to G 2 is contained in the maximal A 2 subgroup. By Theorem 2, this is also contained in A 1 A 1 < G 2 . Therefore X < A Now let M = G 2 F 4 . By Theorem 2, the projection of X to G 2 is either contained inĀ 1 A 1 or is maximal and p ≥ 7. In the first case, X is contained inĀ 1 E 7 and has already been considered. So suppose the projection of X to G 2 is maximal. Now consider the projection of X to F 4 . By Theorem 3, this is contained in B 4 ,Ā 1 C 3 , A 1 G 2 or is maximal and p ≥ 13. In the first case X is contained in D 8 , since
and in the second case X is contained inĀ 1 E 7 . Now suppose the projection of X to F 4 is F 4 (#11) and hence contained in A 1 G 2 . The factor G 2 of M and the factor G 2 of
2 ) contains an involution swapping the G 2 factors. Thus, up to
) (rs = 0; r = s; r = t; s ≤ t). We claim that if s = t then X is contained in A 1 E 7 . Indeed, X is contained in the centraliser of an involution in N E 8 (A 1 G 2 2 ) when s = t and the connected centraliser of that involution is A 1 E 7 . In fact, X is conjugate to E 8 (#32 {r,s,r} ). When s = t, then X is E 8 -irreducible by Corollary 3.6, yielding E 8 (#38).
The last case to consider is when the projection of X to F 4 is maximal and hence conjugate to [s] ) (rs = 0) with the first factor A 1 maximal in G 2 and the second maximal in F 4 . If r = s, then X is E 8 -irreducible by Corollary 3.6, yielding E 8 (#37). If r = s then Theorem 3.8 shows that X is conjugate to E 8 (#11 {0,0} ) and has already been considered.
. There are two cases to consider. Either X is contained in A 2 1 and acts as 1 ⊗ 1 [r] + 0 (r = 0) on V B 2 (10) or X is maximal in M and acts as 4 on V B 2 (10). In the first case, X is contained in the connected centraliser of an involution in B 2 . Hence X is contained in the connected centraliser of an involution in E 8 , which is either D 8 or A 1 E 7 and so X has been considered already. Now consider the second case, in which X is a maximal A 1 in M . If p ≥ 11 then Theorem 3.8 shows that X is conjugate to E 8 (#10). When p = 7, X is contained in a parabolic subgroup of E 8 , as proved in [19, 3.3] . When p = 5, we will show that X is contained in an A 7 -parabolic subgroup of E 8 and is hence E 8 -reducible. To do this, we will use the same method as [28, Lemma 7 .9]; we show that S = A 1 (25) < X fixes the same subspaces as X on L(E 8 ) and then show that X fixes an 8-dimensional abelian subalgebra that is ad-nilpotent of exponent 3 i.e. (ad a) 3 = 0 for all a.
Firstly, Lemma 3.5 along with Table 22 shows that the only parabolic subgroup X can be contained in is an A 7 -parabolic.
To show S and X fix the same subspaces of L(E 8 ) we use Lemma 3.7. We have L(E 8 ) ↓ X = 18 2 / 16/ 14 3 / 12 4 / 10 5 / 8 6 / 6 8 / 4/ 2 3 / 0 3 and therefore conditions (i) and (iii) hold. To show condition (ii) holds it suffices to check that the Weyl modules of high weight 18, 16, 12, 10, 8 and 6 are still indecomposable when restricted to S. We do this in Magma [5] by checking that S n (V ) is indecomposable for each integer n in the list of high weights, where V is the natural 2-dimensional module for S. Therefore, X and S fix the same subspaces of L(E 8 ).
The existence of M = B 2 when p = 5 is proved in [19, Lemma 5.1.6] using [23, 6.7] . In particular, if α is the long simple root and β is the short simple root in a basis for M then the A 1 generated by x ±α (t) is contained in the subsystem subgroup A 1 A 5 and the A 1 generated by x ±β (t) is contained in the subsystem subgroup A 2 D 5 . Using this, we can write down the generators x ±α (t), x ±β (t) of M in terms of generators of E 8 . From these generators we construct B 2 (25) in Magma and then S, as a maximal subgroup of it. We now use Magma to find all 8-dimensional S-submodules of L(E 8 ). There is a unique such S-submodule that is an abelian subalgebra, and it is ad-nilpotent of exponent 3.
So S and therefore X fixes an 8-dimensional abelian subalgebra of L(E 8 ) that is ad-nilpotent of exponent 3. Exponentiating this subalgebra yields an 8-dimensional unipotent subgroup of E 8 , normalised by X. Therefore X is contained in a parabolic subgroup of E 8 , as required.
. Then the projection of X to A 2 acts as 2 on V A 2 (10) and is the centraliser of a graph automorphism of A 2 . By [7, Table 11] , N E 7 (A 1 A 2 ) = (A 1 A 2 ).2 and therefore, X is contained in the centraliser of an involution in E 8 . By [10, Let M one of the classes of maximal A 1 subgroups. Then they are E 8 -irreducible by Theorem 3.1, yielding E 8 (#39), E 8 (#40) and E 8 (#41).
Finally, we check there are no more E 8 -conjugacies between any of the irreducible A 1 subgroups by comparing the composition factors in Table 13 . This completes the proof of Theorem 6.
Corollaries
In this section we give the proofs of Corollaries 1-5. Let G be an exceptional algebraic group over an algebraically closed field of characteristic p. Corollary 1 is an immediate consequence of Theorems 2-6, which prove G contains a G-irreducible subgroup A 1 unless G = E 6 and p = 2.
For Corollary 2, we consider Tables 4-8 when p = 2, 3. We see that all G 2 -irreducible A 1 subgroups of G 2 are contained in A 1Ã1 from Table 4 . When p = 2, Table 5 shows that B 4 contains all of the F 4 -irreducible A 1 subgroups of F 4 (in fact the same is true for C 4 ). If p = 3, we notice that B 4 and A 1 C 3 both contain F 4 -irreducible A 1 subgroups by Theorem 3. Now suppose G = E 6 . Then if p = 2 there are no E 6 -irreducible A 1 subgroups. When p = 3, the E 6 -irreducible A 1 subgroups E 6 (#2) and E 6 (#3) are listed as subgroups of A 1 A 5 and A 3 2 , respectively. However, E 6 (#2) < A 1 C 3 < A 1 A 5 and A 1 C 3 is also contained in C 4 . Similarly, in the M = A 3 2 case of the proof of Theorem 4, E 6 (#3) is proved to be contained in
. Therefore, C 4 contains a conjugacy class representative of each E 6 -irreducible subgroup when p = 3. For G = E 7 and E 8 the result follows immediately from Tables 7 and  8, 
Proof. It suffices to show that
Firstly, suppose n = 0. Then Hom X (0, W ⊗ W ) ∼ = Hom X (W, W ) ∼ = K since W is self-dual and irreducible. Therefore S 0 = 1 as required. Now suppose n = 0 and S n = 0. Then V A 1 (n) is a composition factor of
, up to relabelling of a, b, c, d. It remains to check that none of these modules have non-zero homomorphisms to
⊗ W is irreducible and hence S n = 0. So a + 1 ∈ {b, c, d} and we may assume that a + 1 = b.
We now have
We have
(recall that a + 1 = b and that a, b, c, d are distinct) are irreducible non-isomorphic modules and so B = 0. Furthermore,
is irreducible if and only if a + 2 ∈ {c, d}. Therefore A = 0 unless a + 2 ∈ {c, d}. We may therefore assume a + 2 = c and just consider A:
As before, D = 0 and C = 0 unless a + 3 = d. So finally, we consider C when a + 3 = d.
So we have proved that Hom X (1 [a+1] , W ⊗ W ) = 0 and so S n = 0, a contradiction. The three remaining cases are similar and in each one we find that S n = 0, a contradiction. This completes the proof.
Proof. In the M = B 2 case of the proof of Theorem 6 it is proved that X is contained in an
and it follows that the projection of X to A 7 acts as 3 ⊗ 1 [1] on V A 7 (λ 1 ). Let P = QL be an A 7 -parabolic subgroup of E 8 containing X and let Z be an A 1 subgroup of L ′ = A 7 acting as 3 ⊗ 1 [1] on V A 7 (λ 1 ), so the projection of X to A 7 is A 7 -conjugate to Z. By definition, Y is a subgroup of an A 7 -parabolic subgroup of A 8 and hence of E 8 , with the projection of Y to A 7 also A 7 -conjugate to Z. By using the construction of X in Magma from M = B 2 case of the proof of Theorem 6 and the fact To do this we use the results and methods described in [27] and [22] .
We first consider the action of Z on the levels of Q. The action of L ′ on the levels of Q are as follows
and restricting to Z < L ′ we have
In particular, by [2, Corollary 3.9], H 1 (Z, Q(i)/Q(i + 1)) = 0 for i = 1, 2 and H 1 (Z, Q(3)) ∼ = K. It follows from [27, Proposition 3.2.6, Lemma 3.2.11] that H 1 (Z, Q) ∼ = K. Moreover, by [22, Lemma 3.19] , there is at most one E 8 -conjugacy class of non-E 8 -cr A 1 subgroups contained in QZ by considering the action of the 1-dimensional non-trivial torus Z(L). Since X and Y are non-E 8 -cr and contained in QZ, there is exactly one class and so X and Y are E 8 -conjugate.
It remains to prove Corollary 5. The strategy for the proof is as follows. For each exceptional algebraic group G we find all M -irreducible A 1 subgroups that are not G-irreducible from the proofs of Theorems 2-6. Given such a subgroup X we then check whether it satisfies the hypothesis of Corollary 5. That is to say, we check whether X is contained reducibly in another reductive, maximal connected subgroup M ′ , or X is contained in a Levi subgroup of G. To do this we use the composition factors of X on the minimal or adjoint module for G, using restriction from M . Of course, since X is G-reducible there must exist some subgroup Y ∼ = X inside a Levi factor L ′ having the same composition factors as X. Therefore, we will require the exact module structure of X acting on either the minimal module or adjoint module for G to prove that X is not contained in L ′ .
Proof of Corollary 5 First consider
The proof of Theorem 2 shows that the only M -irreducible subgroup A 1 that is G 2 -reducible is X = A 1 ֒→ M = A 1Ã1 via (1, 1) when p = 2. We need to check whether X satisfies the hypothesis of Corollary 5. The only subgroups of G 2 that have the same composition factors as X are a LeviĀ 1 and A 1 < A 2 embedded via W (2). However, [26, Theorem 1] shows that X is not conjugate to either of these subgroups. Therefore X is not contained reducibly in another reductive, maximal connected subgroup nor is it contained in a Levi subgroup of G. Hence X satisfies the hypothesis of Corollary 5 and is listed in Table 2 . Next, suppose G = E 6 and consider the M -irreducible A 1 subgroups that are E 6 -reducible. These are all found in the proof of Theorem 4. Let X be such a subgroup. If X is contained in a maximal A 2 then p = 5 and we claim that X is contained in A 1 A 5 via (1, W (5)), hence X does not satisfy the hypothesis of Corollary 5. This is proved in [22, 4.1] by showing there is only one conjugacy class of non-E 6 -cr A 1 subgroups with the same composition factors as X on V 56 . Now suppose X is contained in C 4 (p = 2). If X is contained in A 1 C 3 < C 4 then X is also contained in A 1 A 5 . By the proof of Theorem 4, every A 1 A 5 -irreducible A 1 subgroup is E 6 -irreducible. Hence X is contained reducibly in A 1 A 5 and so does not satisfy the hypothesis of the corollary. Similarly, if X < C 2 2 then X is contained in a D 5 Levi subgroup and does not satisfy the hypothesis. Finally, suppose X is contained in F 4 . Then X is contained in B 4 and hence contained in a D 5 Levi subgroup. Therefore, there are no A 1 subgroups satisfying the hypothesis of Corollary 5.
For G = E 7 the result is checked in the same way as for E 6 . First consider A 7 -irreducible A 1 subgroups, all of which are E 7 -reducible. If p > 2 then such subgroups are contained in C 4 , which is contained in an E 6 Levi subgroup, by [15, Now let X be the irreducible subgroup A 1 contained in the maximal subgroup A 2 when p = 5, 7. Then X is E 7 -reducible and is in fact non-E 7 -cr and conjugate to Y = A 1 < A 7 with V A 7 (λ 1 ) ↓ A 1 = W (7) for both p = 5, 7. Indeed, by considering its composition factors on V 56 , we find that the only Levi subgroup that can contain X is E 6 . However, in the case M = A 2 in the proof of Theorem 5, we calculated that V 56 ↓ X = (0|12|0) 2 + (4|8|4) 2 when p = 7 and therefore X is not contained in E 6 since E 6 has a trivial direct summand on V 56 . When p = 5, we have L(E 7 ) ↓ A 2 = 44 + 11. By constructing 44 as a direct summand of 40 ⊗ 04 for A 2 (25) in Magma [5] and restricting it to A 1 (25), we find that
In particular X has no trivial direct summands on L(E 7 ) and is therefore not contained in E 6 . Therefore, X is non-E 7 -cr. To prove that X is conjugate to Y < A 7 , we need to prove there is only one E 7 -conjugacy class of A 1 subgroups contained in an E 6 -parabolic when p = 5, 7. This is done in [22, 5.1, 6 .1].
Next, consider the maximal A 1 A 1 subgroup when p = 5. Then X ֒→ A 1 A 1 via (1, 1) is E 7 -reducible. In fact X is non-E 7 -cr and E 7 -conjugate to Y = A 1 < A 2 A 5 acting as (2 ⊗ W (5)) on (V A 2 (10), V A 5 (λ 1 )). We will prove that X is non-E 7 -cr and the second statement is proved in [22, 5.3] . Suppose X is E 7 -cr. Then X is contained irreducibly in some Levi factor L ′ . By considering the composition factors of X on V 56 , we have Table 10 .2], we have V 56 ↓ A 1 A 1 = ((2, 3)|((6, 3) + (2, 5))|(2, 3)) + (4, 1). We can construct such a module for A 1 (25) × A 1 (25) and use it to show that V 56 ↓ X = 9 + W (7) + W (7) * + T (5) 3 . The action of A 1 A 2 A 3 on V 56 is completely reducible and has a direct summand of dimension 4. All of the direct summands of X on V 56 have dimension at least 8, a contradiction. It follows that X is non-E 7 -cr but is contained reducibly in A 2 A 5 and so does not satisfy the hypothesis of Corollary 5.
The last E 7 -reducible A 1 subgroups to consider are X 1 ֒→ A 1 A 1 < A 1 G 2 via (1, 1) where the second factor A 1 is maximal in G 2 and X 2 ֒→ A 1 A 1 < G 2 C 3 via (1, 1) where the first factor A 1 is maximal in G 2 and the second is maximal in C 3 , both when p = 7. From the proof of Theorem 5, X 1 and X 2 are E 7 -reducible and by considering their composition factors on V 56 , they are contained in an A 1 A 2 A 3 -parabolic subgroup. Both X 1 and X 2 act on V 56 as T (11) + T (9) 2 + T (7) , checked using the restriction of V 56 to A 1 G 2 and G 2 C 3 from [19, Table 10 .2]. As V 56 ↓ A 1 A 2 A 3 has no direct summands of dimension at least 14, it follows that neither X 1 nor X 2 are contained in a A 1 A 2 A 3 Levi subgroup and both satisfy the hypothesis of the corollary. Furthermore, [22, 6.2] shows that X 1 is conjugate to X 2 , and hence only X 1 appears in Table 2 .
(0 < r < s < t) when p = 2, where X is the E 8 -reducible class of such subgroups contained in B 4 ( ‡), as in [28, Lemma 7.1]. We claim that X satisfies the hypothesis of Corollary 5. To prove this, we will first show that X has a 120-dimensional indecomposable summand on L(E 8 ). When p = 2 we have L(E 8 ) ↓ D 8 = 0|λ 2 |0 + λ 7 and in particular, 2 (λ 1 ) = 0|λ 2 |0 is a direct summand. Furthermore, 2 (λ 1 ) is a submodule of λ 1 ⊗ λ 1 . Lemma 10.1 shows that the socle of λ 1 ⊗ λ 1 ↓ X is a 1-dimensional trivial module and therefore simple. It follows that 2 (λ 1 ) also has a simple socle and is therefore indecomposable. Therefore, X has a 120-dimensional indecomposable summand on L(E 8 ). Now suppose X does not satisfy the hypothesis of the corollary. Then X is a subgroup of a Levi subgroup or another reductive, maximal connected subgroup of E 8 . Since X has a 120-dimensional indecomposable summand, it follows that X is an E 7 -irreducible subgroup of E 7 . As p = 2, it follows from Corollary 2 that X is contained in A 1 D 6 . But the largest dimensional indecomposable summand of L(E 8 ) ↓ A 1 D 6 is (1, λ 6 ), which has dimension 64. This is a contradiction and hence X satisfies the hypothesis of the corollary.
Next, we note that the E 8 -reducible subgroup contained A 8 -irreducibly in A 8 when p = 3, is shown to be D 8 -reducible in the proof of Theorem 6 and hence does not satisfy the hypothesis of the corollary.
The only other A 1 subgroup to consider is a maximal A 1 subgroup X of M = B 2 when p = 5, 7. The proof of [19, Proposition 3.3.3] shows that X is contained in A 8 acting as W (8) = 8|4 when p = 7. Therefore X is contained reducibly in another reductive maximal connected subgroup of E 8 and so does not satisfy the hypothesis of the corollary. When p = 5, Lemma 10.2 shows that X is also contained in A 8 acting as W (8) = 8|0 and hence does not satisfy the hypothesis of corollary 5.
Tables
In this section we give the tables of composition factors for the G-irreducible A 1 subgroups from Theorems 2-6 acting on the minimal and adjoint modules for G. The tables use the unique identifier given to Girreducible A 1 subgroups in Tables 4-8 and the composition factors are calculated by restriction from a reductive, maximal connected subgroup M . The notation used in the tables is described in Section 2. The composition factors of M on the minimal and adjoint modules of G are listed in Theorem 3.1. In this section we present the tables referred to in Table 7 and 8. They give the restrictions on the field twists in certain embeddings of M -irreducible A 1 subgroups of M = A 1 D 6 when G = E 7 and M = D 8 when G = E 8 . Table 14 : Conditions on r, . . . , w for E 7 (#12)
All equalities between elements of r, . . . , w Conditions on r, . . . w r, . . . w all non-zero none r < s, t, u, v, w and t < u, v, w r = s t < u, v, w and v < w r = t s < v r = s = t none r = t = w s < u, v r = s = t = v u < w r = t and u = v = w none r = 0; s, . . . w all non-zero none t < u, v, w and v < w s = t u < v t = u v < w s = t = u v < w s = t and u = w none r = s = 0; t, . . . w all non-zero none t < u < v < w r = t = 0; s, u, v, w, all non-zero none s < u < v s = w u < v r = s = t = 0; u, v, w all non-zero none u < v < w All equalities between elements of r, . . . , w Conditions on r, . . . w none t < u and t < v and v < w r = s t < u < v < w t = u s < t and v < w r = s and t = u s < t and v < w t = v u < w t = u = v none r = s and t = u = v s = t Table 16 : Conditions on r, . . . , x for E 8 (#26) all non-zero
All equalities between elements of r, . . . , x Conditions on r, . . . x r, . . . x all non-zero none r < s, t, u, v, w, x and s < t, u, v, w, x and u < v, w, x r = s u < v, w, x and w < x r = s = t u < v < w < x r = s = u t < v < w r = s = t = u v < w < x r = s and t = u v < w r = s and u = v w < x r = s and t = u = v w < x r = s and t = u and v = w none r = 0; s, . . . x all non-zero none s < t, u, v, w, x and u < v, w and w < x s = u t < v and w < x s = u = w t < v < x s = u and t = w none s = u and t = w and v = x none r = s = 0; t, . . . x all non-zero none u < v < w < x t = u v < w < x r = s = u = 0; t, v, w, x all non-zero none t < v < w < x Table 17 : Conditions on r, . . . , x for E 8 (#27)
All equalities between elements of r, . . . , x Conditions on r, . . . x none r < s < t and u < v and w < x u = w r < s < t and v < x (1, 1000)/ ( 
